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Abstract-The integral equation approach for the solution of mixed boundary value problems [l] 
is revisited. A problem of difh&on and surface nection in a spherical ink-bottle pore is reduced, 
by a different approach, to a Fkdholm integral equation of the second kind with the kernel having 
logarithmic singularity. This alternative approach supplements discussions and also confirms certain 
results in [l]. 
1. INTRODUCTION 
The mixed boundary value problem considered is the diffusion and reaction in a spherical ink 
pore whose surface is maintained at a concentration C,, for 0 5 0 < cr; but undergoes first order 
surface reaction r ., = k, c. for (Y < t9 < rr. The mixed boundary value problem 
$(d$)+(-&j)$(sin0$)=0; 
p=o, p2au=o; 
& 
u= 
p= 1, 
{ 
1, ose<a, 
(&I$ + u =o, a<e<?r; 
e=o, A, $0, OlPIk 
(1) 
was used in [l] to ilustrate the use of the integral equation approach to efficiently solve mixed 
boundary value problems [2]. The parameter D, refers to Damktihler number. In [l], the above 
mixed boundary value problem is reduced to a first kind Fredholm integral equation where the 
kernel is an infinite series. In this paper, we reduce the problem to a second kind Fredholm 
integral equation where the kernel is in a closed form and has a logarithmic singularity. We 
then obtain the numerical solution of the integral equation after appropriately taking care of 
the logarithmic singularity ss suggested in [3]. It may be noted here that, generally, second 
kind F’redholm integral equations are more desirable than the first kind while seeking numerical 
solutions [4, p. 6351. 
2. INTEGRAL EQUATION METHOD 
The solution (for the dimensionless concentration u = C/Cd) 
u (p, e) = 2 a, p P, (co8 e) 
n=O 
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satisfies the equations (l), (2), and (5). We substitute (6) in the boundary conditions (3) and (4) 
to get 
ghPn(cose)=l, ose<a, (7) 
T&=0 
Q+&) a, P, (coslq = 0, a<6<*. 
n=O 
(8) 
Mehler’s integrals [2] and their inversion formulae, enables us to reduce (7) and (8), respectively, 
as 
5 a, cos(n + 0.5) fj = co4$/2), oihe<a, (9) 
n=O 
FL (I+:) a, P,(cod) = 0, 0<e-+sa. (IO) 
n=O 
Now, we supplement (9) by assuming 
2 a, cos(n + 0.5) 4 = $(+), cx<$<?r. (11) 
n=O 
Substituting the coefficient of a,, obtained from (9) and (11) in (lo), and using the following 
trigonometric relation [5] 
c O” cos(n + 0.5) $3 cos(n + 0.5) 4 = log 
n=O ( 
cos J/2 + cos 4/2 
n + 0.5 cos 412 - cos $12 ) ’ 
(12) 
we can reduce (11) as 
with 
Setting 
(0.5 - Da) = y, 
L(a) = h3 
COB J/2 + CO8 412 
co8 J/2 - CO8 412 * 
in (13), we further obtain 
lk(4) = co+/2) + r(4) 
(14.1) 
(14.2) 
(15) 
r(4) - (3) /’ r(i) L(& 4) (6 = (27 - 1) cos(4/2). 
P 
The first kind F’redholm integral equation given in [l] for comparison is: 
(16) 
J Q w4 q!I(0 & = f(s), o<s<a, (17.1) 0
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where 
f(s) = 2asin(s/2), (17.2) 
K(s,i) = S(D,, s -t) + S(&, s + t), and (17.3) 
S(a,z) = esin ((nn+I*f)z) , a > 0. 
n=O 
(17.4) 
The form of (16) may be noted to be similar to the integral equation obtained in the problem 
of a heat conduction in a partially insulated plate, also considered in [l]. 
The catalyst effectiveness factor [l] is 
-1 = au 
v= D,(l+coso) Q dp P=l J I 
sinede. 
Substituting for u(p, 0) from (6), further using the recurrence relations of Legendre polynomials, 
Mehlers formula [2] and (ll), we can finally obtain 
where 
v=A 5 cos2(o/2) + 2 
J 
a r’(4) (cos o - cos 4) iI2 de , 
> 
2312 
A=- 
1 
?r (1+coscy)(1-22cJ’ 
w-9 
(20) 
3. NUMERICAL SOLUTION 
The integral equation (16) is similar to that treated in [3]. Using simple trigonometric relations, 
we can write (16) equivalently as: 
r(e) - (z) IT &r(t)b(t,()dt = (2-r’- l)c@3($/2), a<dSr, (21.1) 
(I i=l 
where 
cos( (t + 4)/4) 
b(&~)=log 2n_t_4 9 
L3(i, 4) = -log Icos((~ - e)/4)1 , 131 31 
sin((t + ti)/4) sin((t - W4) 
\-“-I 
L4@, 4) = - log 
(t + W4 ’ 
Ls(t, +> = -log 
(t - 4)/4 ’ 
L6@, 4) = -log Kt + 4)Pl I L7@, 4) = log I(t - d)/4l . 
This elaborate expansion helps to integate singularities in the second, sixth, and seventh integrals 
of (21). The remaining smooth kernels, as well as r(t), are interpolated by a linear piecewise 
polynomial [3] on each of (tj ,tj+i); j = 1,2,. . . , (n - 1); where ti = o, tj+l = tj + h, and h = 
(?T-o)/(n-1). Finally, we arrive to a system of linear equations by selecting 4 = ti; i = 1,2,. . . , n. 
It may be noted here that, from (11) and (18), r(r) = 0. The solution r(ti)i = 1,2,. . . , n, 
obtained by solving the system of equations is used in (19) to determine the effectiveness factor. 
This numerical approach is similar to the method discussed in [3]. Tables 1 and 2, respectively, 
give the effectiveness factor obtained with a = ?r/18 and r/180 for D, = 0.0175 and 0.005 
against various values of n. These values are close to those in [I]. However, the above alternative 
approach eliminates any apprehension regarding these results. In particular, we note that the 
results for the case cr = x/180 and D, = 0.005 are in agreement with those given by solving (17) 
as in [l], while other numerical methods for (l)-(5), for the same case, have each given a different 
value [l]. 
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Table 1. (I = s/18. Table 2. a = r/180. 
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